>si ; Eigenfunctions of the Cosine and Sine 

o ■ Transforms 

o 
^ ! Victor Katsnelson 

m 
(N 

The Weizmann Institute of Science 

^ ' Rehovot, 76100, Israel 

u' 

C^ ' Abstract 



> 



E-mail: victor . katsnelsonSweizmann .ac.il; victorkatsnelsonOgmail . com 



A description of eigensubspaces of the cosine and sine operators is presented. The 
spectrum of each of these two operator consists of two eigenvalues 1,-1 and their eigen- 
subspaces are infinite-dimensional. There are many possible bases for these subspaces, 
t^^ ■ but most popular are bases constructed from the Hermite functions. We present other 

Sj. ■ "bases" which are not discrete orthogonal sequences of vectors, but continuous orthogonal 

^SJ , chains of vectors. Our work can be considered a continuation and further development of 

fT^ I results in Self-reciprocal functions by Hardy and Titchmarsh: Quarterly Journ. of Math. 

O ■ (Oxford Ser.) 1 (1930). 

Key words: Fourier transform, cosine- sine transforms, eigenfunctions, Melline 
transform. 

Mathematical Subject Classification 2000: Primary 47A38; Secondary 47B35, 



_^_- 47B06, 47A10. 



1. The cosine transform C and the sine transform S are defined by 
formulas 



(ex)(t) =^jcositOxiOd^, tER+, (la) 

R+ 

{§xm=^jsm{tOx{Od^, teM+, (lb) 



where M_|_ is the positive half-axis, IR+ = {t G M : t > 0}. 

For X G L^(]R_|_), the integrals in ([T]) are well defined as Lebesgue integrals. 

If x(t) G -^^(M+) n L^(R+), then the Parseval equalities hold: 

f \iex)it)\^dt= f \xit)\^dt, (2a) 

\{§x)it)\^dt= f\xit)\''dt. (2b) 

R+ R+ 

Thus, the transforms C and S can both be considered as linear opera- 
tors defined on the linear manifold L^(M+) fl L^(]R_|_) of the Hilbert space 
L^(M_i_), mapping this linear manifold into L^(R+) isometrically. Since the 
set L^(M+) n L^(]R+) is dense in L^(M_|_), each of these operators can be 
extended to an operator defined on the whole space L^(]R_|.), which maps 
L^(M_i_) into L^(R_|_) isometrically. We retain the notation 6 and S for the 
extended operators. In an even broader context, the transformation ([1]) can 
be considered for those a;, for which the the integrals on the right-hand sides 
are meaningful. 

Considered as operators in the Hilbert space L^(]R+), the operators C and 
S are self-adjoint operators which satisfy the equalities 

e^ = a, §2 _ a, (3) 

where J is the identity operator in L2(M^_). Each of the spectra cr(C) and cr(S) 
of these operators consist of two points: +1 and —1. By Cx and S\ we denote 
the spectral subspaces of the operators C and S, respectively, corresponding 
to the points A = 1 and A = — 1 of their spectra. These spectral subspaces 
are eigensubspaces: 



Ci 


= {xe L^(M+) : Gx = x}, 


C-i 


= {xe L^(M+) : Gx = 


-a;}; 


(4a) 


Si 


= {x e iv^(M+) : Sx = x}. 


5-1 


= {xe L2(M+) : §x = 


-x}. 


(4b) 



Moreover, two orthogonal decompositions hold: 

L2(M+)=Ci©C_i, L\R+) = Si ® S-i . (5) 

The spectra of the operators C and S are highly degenerated: the eigensub- 
spaces Cx and Sx are infinite-dimensional. Many bases are possible in these 



subspaces. The best known are the bases formed by the Hermite functions 
hk{t) restricted onto IR+. 

The Hermite functions hk{t) are defined as 

hk{t) = e^ — ^^, teR, k = 0,l,2,... . (6) 

It is known that the system {hk}k=o,i,2,... forms an orthogonal basis in the 
Hilbert space L^(R). The properties of the Hermite functions h^ as eigen- 
functions of the Fourier transform was estabhshed by N.Wiener, [1, Chapter 
1]. In [1], N. Wiener developed L^-theory of the Fourier transform which was 
based on these properties of the Hermite functions. 

The Hermite functions h^ are originally defined on the whole real axis M. 
The restrictions /ifc|K+ of the Hermite functions hk onto M+ are considered as 
vectors of the Hilbert space L^(M_|_). Each of two systems {h2k,^ }fe=o,i,2, ... 
and {h2k+i }fe=o,i,2, ... is an orthogonal basis in L^(M+). The systems 

{^^l\^+} 1=0,1,2,-' {^^^+^\R+} 1=0,1,2,...^ {^^l+h^J 1=0,1,2,...^ ^^^ {^4/+3|„^}i=0,l,2,... 

are orthogonal bases of the eigensubspaces Ci, C_i, Si and S-i, respectively. 
We present other "bases" which are not discrete orthogonal sequences of vec- 
tors, but continuous orthogonal chains of (generalized) vectors. This is the 
main goal of this paper. Our work may be considered as a further develop- 
ment of results in |^ by Hardy and Titchmarsh. (The contents of |2j and |3] 
were reproduced in the book [4j.) 

2. First we discuss eigenf unctions of the transforms C and S in the broad 
sense. These transforms are of the form x — )• 3Cx, where 

{Xx){t) = J m)x{Od^, (7) 

and A; is a function of one variable defined on IR+. (It should be mentioned 
that some operational calculus related to operators of the form ([7]) was de- 
veloped in [5].) 

Remark 1. If the integral ([7]) does not exist as a Lebesgue integral, i.e. the 
function k{t^)x{^) of the variable ^ is not summable, then a meaning may be 
attached to the integral ([7]) by means of some regularization procedure. We 
use the regularization procedure 

jm)x{Od^ = limj e-'^m)x{Od^, (8) 



and the regularization procedure 

R 

fm)x{Od^= lim [k{tOxiOd^. (9) 

J R^+oo J 

R+ 

If for some a G C both integrals 

jkitOC^di and J HtOC'd^ (10) 

K+ R+ 

have a meaning for every positive t, then, changing the variable t^ — )■ C,, we 
obtain 

acr'^ = x(a)r-\ 3<:r-i = x(i-a)r", (ii) 

where 



X a 



I Morx, ><(i - «) = / Mor-'^e (12) 



The equalities (ITT]) mean that the subspace (two-dimensional if a 7^ 1/2) 
generated by the functions t~'* and t"~^ is invariant with respect to the trans- 
brmation % and that the matrix of this operator in the basis t~",t"~^ is: 

Thus, assuming that x(a) 7^ 0, x(l — a) 7^ 0, we obtain that 



j<(l-a) 

;he functions 



v/x(l - a)t"" + v^x(a)r"^ and v^x(l - a)t"" - v^x(a)t""^ (13) 
are the eigenf unctions of the transform OC corresponding to the eigenvalues 



A+ = a/ x(a)x(l — a) and A_ = — A/x(a)x(l — a), (14) 

respectively. 

To find eigenf unctions of the form f fT3|) for cosine and sine transforms C 
and S, we have to calculate the constants (fT2|) corresponding to the functions 

kc{r) = \—cosT and /^^(r) = W — sinr, (15) 

which generate the kernels of these integral transforms. This is accomplished 
in the following 



Lemma 1. Let ( belong to the strip < Re(^ < 1. 
Then 



/"(cos s) /"^ ds= ( COS -C) r(C) 



:i6a) 



oo 

y"(sins)/-ids=(sm|c)r(C) 



(16b) 



where T is the Euler Gamma- function and the integrals in (fT6|) are un- 
derstood in the sense 



coss 
sins 



^S-Us 



R 



COSS 



+00 



"■''^°'^^"^-irfs 



lim / <(T""f's'' ^ (is = lim / e ""< . >s 

ij-s>+oo y [^ sm s J e-s>+o y I sm s 





2. r/ie above limits exist uniformly with respect to ( from any fixed compact 
subset of the strip < Re (^ < 1 . 

3. Given 6 > 0, then for any ( from the strip 6 < R,e( < 1 — 6 and for any 
R G (0, +oo), e G (0, +oo), the estimates 



R 



coss 
sins 



s^-^ds 



< CiS)e^ 



film CI 



+ 00 



e-r''\s^~'ds 
sms 



< C{6)e- 



film CI 



(17a) 
(17b) 



hold, where C{6) < oo does not depend on Q, R, and e. 

We omit proof of Lemma [U This lemma can be proved by a standard 
method using integration in the complex plane. m 



According to Lemma [H the integrals 



^^(■S)! -a T„ „^i /" j ^c(s) I ^a-l 



, / X f s ds and / s , ) ( > s (is, 
fcs(s)J J {ks{s) 



where fcc and ks, (fT5|) . are the functions generating the kernels of the inte- 
gral transformations C and S, exist for every a such that < Rea < 1, or, 
amounting to the same, < Re (1 — a) < 1. 
The constants >ic{a.) and Xc(l — a), corresponding to the function kc{T) = 

- COST, are: 

^c(a) = \/- sin— -r(l -a), Xc(l - a) = W- cos — -r(a). (18a) 

V TT Z V TT Z 

The constants Xs(a) and Xs(l — a), corresponding to the function ks{T) = 



2 Tia 2 Tia 

Ks[a) = \ -cos— -V [I- a), Ks[l- a) = \ -sm.—-T[a). (18b) 

V vr z V TT / 

3. Later, we will have to transform the expression flTSj) for the constants Xf. 

and Kg using the following 

Identities for the Euler Gamma-function r(^): 



Cr(C) , 


see [6J , 


12.12, 


(19a) 


TT 

> 1 


see E] , 


12.14, 


(19b) 



r(C)r(i-C) 

bill 71 (, 

r(C)r('c+0 =2v^2-2Cr(2C), see i], 12.15. (19c) 

Lemma 2. T/ie following identities hold: 

yf(cos^c)r(C) = 2<-4^lfiljy. (20a) 

/!(-ic)r(C) = 2<-4£|i±|. (20b) 



Proof. From (119b|) it follows that 



cos-C 



From (119cp it follows that 

r(c) = vr-^r(§)r(i + |)2c-. 

Combining the last two formulas, we obtain fl20ap . Combining the last for- 
mula with the formula 

. TT , n 

smTrC 



2^ r(|)r(i-|)' 

we obtain (l20bl) . D 



Lemma 3. The values >ic{a), Xc(l — a), ^^(a), Xs(l — a), which appear as 
coefficients of linear combinations (fT3|) , are 

-c(a) = 2i-'^£|-il, x.(l-a) = 2-l^;I^ (21a) 



1 



.r(i-f) ,.n .^_o.-^^(| + |) 



xJa) = 22-"^^ 2^, xJl - a) = 2"-2^2 2^ /21b) 

H ) r(i + f)' '^ ^ r(i-f) ^ ^ 



4. From the expressions fl2T]) we see that the products Xc{a)xc{l — a) and 
Xs(a)xs(l — a) do not depend on a: 

Xc(a)xc(l — a) = 1, Xs(a)xs(l — a) = 1 0<Rea<l. 

Theorem 1. Let a G C, < Rea < 1, a 7^ |, and Xc{a), Xc(l — a), Xs(a), 

Xs(l — a) 6e t/ie values which appear in fl2T]) . 

r/ien; 

1. r/ie functions 

E^{t, a) = ^K^{\ - a)r" + v/xc(a)t'^-\ (22a) 



E-(t, a) = v/><c(l - a)t"" - Vx,(a)r-\ (22b) 



of variable t G M+ are eigenf unctions {in a broad sense) of the cosine 
transform 6 corresponding to the eigenvalues +1 and —1 respectively: 



R 



E+{t, a) = lim yi / cos(tO E^i^, a) d^ 


R 

E-{t,a) = - lim Jl fcos{tOE;{^,a)d^- 







2. The functions 

E^{t, a) = ^>is{l -0)^" + v/x,(a)r"\ (23a) 

E;(t, a) = Vx,(l - a)r" - v/xs(a)t"-' (23b) 

o/ variable t G M+ are eigenf unctions {in a broad sense) of the sine 
transform S corresponding to the eigenvalues +1 and —1 respectively: 

R 

Et{t, a) = lim yi / sm(tO i5;+(e, a) d^, (24) 







E; (t, a) = - lim yi / sin(te) i^;; (e, a) d^. (25) 

it— >oo ^ J 


For fixed t G (0, oo), t/ie limits exist uniformly with respect to a, from any 
compact subset of the strip < Re a < 1 . 

Remark 2. In (l22l) and ( l23l) . i/ie values of the square roots ^ >f{a) and 
\/ >c{\ — a) should be chosen such that their products equal 1. 

Remark 3. For a = | there is only one eigenfunction 

E{t,l)=2t-l 

Remark 4. Since 

E+{t, a) = E+{t, 1 - a), E;{t, a) = -E;{t, 1 - a), (26a) 

E+{t, a) = E+{t, 1-a), Ej{t, a) = -E;{t, 1-a), (26b) 

each eigenfunction appears in the family {ii^^^(t, a)}o<Rea<i twice. To avoid 
this redundancy, we should consider the family where only one of the points 
a or 1 — a appear. 

8 



5. If < Rea < 1 and x(t) is any of the eigenf unctions of the form either 
), then the integral J |x(t)p diverges. Thus, none of these eigen- 



functions belong to L^(M+). This integral diverges both at points t = +0 
and at point t = +oo. However, this integral diverges variously for a with 
Rea = I and for a with Rea 7^ |. If Rea = |, then the integrals diverge 
logarithmically both at t = +0 and at t = +00. If Rea 7^ |, then the inte- 
grals diverge more strongly: powerwise. We try to construct eigenfunctions 
of the operator C (of operator S) from L^ as continuous combinations of the 
eigenfunctions of the form (122|) (of the form (123|) ). Our hope is that singu- 
larities of "continuous linear combinations" of eigenfunctions, which are in 
some sense an averaging of eigenfunctions of the family, are weaker than sin- 
gularities of individual eigenfunctions. Such continuous linear combinations 
should not include eigenfunctions of the form 022 p and 023 p with a: Rea 7^ |. 
Singularities of eigenfunctions with a: Rea 7^ | are too strong and can not 
disappear by averaging. Thus, we have to restrict ourselves to a's of the form 
a = i + ir, r G M. 

Considering the case Re a = | in more detail, we introduce special nota- 
tion for the eigenfunctions Ef^{t, ^ + ir)}: 

4it,T) = ^E+it,l + tT), e;(t,r) = 2^E-(t,| + ^r), (27a) 

et{t,r) = ^Et{t,l + tT), e;{t,T) = ^E;{t,l + zT). (27b) 

(We include the normalizing factor ^7^ in the definition of the functions e^^.) 
According to fl2T]) . f l22|) . the functions e^^(t, r) can be expressed as 

etit, r) = ^ (t-h~- c{t) + r ^+- c{-r)) , (28a) 

^cit,r) = ^(ri-c(r) -ri+-c(-r)), (28b) 



etit, r) = ^ (t-^- s{t) + r^+- .(-r)) , (29a) 

e:(^' ^) = 2^ (f""''^ ^(^) - t'^^'^ ^(-^)) ' (29b) 

where c{t), s{t) are "phase factors": 

c(r) = 2*5 exp {iargr(i + i|)}, -00 < r < cx), (30a) 

9 



s(r) = 2*^exp{2argr(| + i|)}, -oo < r < oo. (30b) 

In(!30D, exp{2argr(C)} = ^ 



|r(C)r 



Since c{t) = c{—t), s{t) = s{—t) for real r, the values of the functions 
e+(t, r), e~{t, r), ef{t, r), e~{t, r) are real for t G (0, oo), r G (0, oo). 

Remarks. The parameter t , which enumerates the families {ef {t , t} , {ef{t,T}, 
runs over the interval (0, oo). There is no need to consider negative r. {See 
Remark |4j) . 

6. Let us introduce four integral transforms 7"^, 'J~ , T^, Tj. 

For (j){t) G L^(M+) and t > 0, let us define 



(a':0)(t) = y e:(t,r)0(r)rfr, {7-<P){t) = j e-{t,r)<P{r)dr, (31a) 

R+ R+ 

(J+0)(t)= [ et{t,T)<p{T)dT, {7;<l>m= [ e;{t,T)<j>{T)dT, (31b) 



Lemma 4. If (J){t) G L-^(M_(_), anti x(t) = (74>)(t), where 7 is any of the 
above-introduced four transformations 7^^, then the function x{t) is contin- 
uous on the interval (0, oo) and the estimate 

|x(t)|< ^11011^,^^^, -t-^ 0<t<oo, (32) 

holds. 

Proof. Let e(t, r) be any of the four above-introduced functions e^(t, r), 
e~(t, r), e+(t, r), e~{t,T). The function e(t, r) is continuous with respect to 
t at each t > 0, r > and satisfies the estimate 

|e(t, t\ < -j^t'^, 0<t<oo, 0<r<oo. (33) 

Now Lemma H] is a consequence of standard results of Lebesgue integration 
theory. D 

Theorem 2. Let (J){t) he a function, satisfying the condition 

/)(r)|e5^rfr < oo. (34) 



10 



and 



xt{t) = inm). ^cit) = i'^cm), 

xtit) = (T+0)(t), x;(t) = (T;0)(t), 



(35) 
(36) 



Then the functions x^(t), x'^{t) are eigenf unctions {in the broad sense) of 
the cosine transform G and the functions xf{t), x~(t) are eigenfunctions {in 
the broad sense) of the sine transform S, i.e. 



R 



xt{t)= lim Jl [cos{ti)xt{i)di, 


R 

^~cit) = - lim a/I [cos{tOx:{Od^. 



and 



xt{t) 



lim ' ^ 

R-^oo 



sin(t04(0^e, 



R 



x:it) = - lim yi fsm{tOx;{Odi. 



for every t G (0, oo). In particular, in ( 1371) . ( l38l) the limits exist. 
Proof. According to Theorem [T] and (12 7p . 

R 

4i't,^) = lim Jf / cos(tOe^(^,i")c^^ for every t, t. 



Multiplying by 0(r) and integrating with respect to r, we obtain 



xt{t) 



R 

lim j cos(tOe+(e, ^) t/n Hr) dr. 



i?-s> 




From ( IT7|) we obtain the estimate 
i? 



cos(tOe+(e,r)rfe 



(37a) 



(37b) 



(38a) 



(38b) 



<Ct-^e^^, y R<oo,r eR+,teR+, 



11 



where the value C < oo does not depend on R, r, t. This estimate and 
condition (I34p for the function 0(t) allow us to apply the Lebesgue dominated 
convergence theorem: 







lim j cos(tOe+(e, r) dA 0(r) dr = 

oo R 

lim y (^jcositOeU^,r)dA<P{T)dT. (39) 



R-^oo 

b 



oo R 
2 



Thus, 

x+(t) = Jim ^ly (^y cos(tO4(e,r)rfej0(r)rfr. 



On the other hand, using the estimate (133|) for e^(^,r), we can justify the 
change of order of integration in the series integral which appears on the 
right-hand side of the above equality. For any finite R, 

oo R 

cos{tOet{^,r)dn<l){T)dT = 



R oo R 

j cos(tO ( J e+(e, r)0(r) dr^ d^ = j cos{ti)xt{0 d^ 



R 

Finally, we obtain the equality x^(t) = limji^ac J cos{t^)x'^{^) d^, i.e. the 



equality fl37ap for the function x'^. The equality (137bp for the function x~ and 
the equalities (138|) for the functions x^, xf can be obtained analogously. D 

Remark 6. In Theorem [2] we assume that the function satisfies condition 

oo 

(1M|) . Assuming only that j |0(t)| dr < oo, u;e can not justify the equality 



(139|) . To apj)/y i/ie Lebesgue dominated convergence theorem, we need the 
estimate 



R 



sup 

iJe(o,oo) 

t£(— oo,oo) 



'TT+JT 





12 



< oo. 



We are, however, able to establish (I17p . but this estimate is not strong enough. 
The question of whether the equalities (I37p . (138 p hold under the assump- 

oo 

tion J |0(r)| dr < oo remains open. 



7. Our considerations in the context of L^-theory on the operators C and S 
are based on L^-theory for the Melhne transform. (See the article "Melhne 
Transform" on page 192 of [Tj Volume 6] and references there.) The Melline 
transform M is defined by 



oo 

{Mf){0 = lf{t)t<-'dt. 



If the function f{t) G L^(]R_|_) is compactly supported in the open interval 
(0, oo), then the function $(C) = (^/)(C) of variable ( is defined in the 
whole complex (^-plane and holomorphic there. The function f{t) can be 
recovered from the function $ = DVt/ by the formula 



/W = 2^ / ^iOt-'dC, 



ReC=c 

where c is an arbitrary real number. Moreover, the Parseval equality 



oo 

J\f{t)\'dt = l- I mo\'\dc\ 



ReC=i 

holds (from which we recognize the significance of the vertical line Re C = |). 
Thus the Melline transform M generates the linear operator defined on the 
set of all compactly supported functions / from L^(M+) which maps this 
set isometrically into the space L'^(Re( = |) of functions defined on the 
vertical line Re(^ = | and which are square-integrable there. Since the set 
of all compactly supported functions / is dense in L^(M_|_), this operator can 
be extended to an isometrical operator defined on the whole L^(M+) which 
maps L^(R4.) isometrically into L'^(Re( = i). We will continue to denote 
this extended operator by 3VC. 

It turns out that the operator 3Vt maps the space L^(R+) onto the whole 
space L^(Re(^ = i). The inverse operator 3VC~ is defined everywhere on 

13 



L2(ReC = i). If $ G L2(ReC = I), then the function 

m = (M-^$)(t) 
is defined as an L^(M+)-function and can be expressed as 

/oo 
$(1 + ir) t--2-'^dT, < t < oo. (40a) 

-oo 

Furthermore, the function 

$(i + zr) = (M/)(i + 2r) 
can be expressed as 

<^(^l + ir) = f f{t)t-^+'^dt, -oo<T<oo. (40b) 



The pair of formulas (I40ap and (I40bl) together with the Parseval equahty 

oo oo 

j\f{t)\^dt=l j \<^[\+lT)\'dT (40c) 



-o 

'2 



make up the most import part of the L -theory of Melhne transform. 

8. Developing L^-theory of the cosine and sine transforms, we first of all 
prove 

Lemma 5. Let 0(t) G L^{^+) n L'^{^+). Then 



\{7ct>){t)\'dt = j |0(r)|^rfr, (41) 

R+ K+ 

where 7 is any of the above-introduced (see (131 p ) four transformations 7^^. 

Proof. The proof is based on the Parseval equality for the Melline transform. 
We present the transformations 7^^ as inverse Melline transforms. Given a 
function 0(r) defined for r G (0, oo), we introduce the functions 

$+(l + ^r)= v^c(r)0(|r|), (42a) 

14 



^c"(| + ^^) =isign(r)v/^c(r)0(|r|), (42b) 

and 

$+(i + zr)= v^s(r)</)(|r|), (43a) 

^;(l + ^^) =}sign(r)v/^s(r)0(|r|), (43b) 

which are defined for t G (—00,00). Here c{t), s{t) are the "phase factors" 
introduced in (15U]) . It is clear that |^(| + ^t) | = V^(I>{\t)\^ thus 



00 00 

f \<^{^+lT)\^dT = 2n f \(t){T)\^dT, 



where $ is any of the four functions $+, $~, $+, $~. Comparing (13 lap . 
(I28ap and (I42ap . we see that the function (Cr^0)(t) can be interpreted as the 
inverse Melhne transform of the function $ J" : 



■ c 



00 

(T+0)(t) = ^y't-H^<|.+ (i + zr)dr. 



(44a) 



The Parseval equahty transform, as apphed to the inverse Melhne transform 
of the function (y9+(r), yields: 



I \{7t<pm\'dt = 1 j \^t{\ + ^r)\'dr = J 



00 

2, 



Ar)\'dT. 
-00 

This is equality (HT1) for the transform T^. 

The functions CTJ^, 7^4>, 7j(j) can also be interpreted as inverse Melline 

transforms: 

00 

{7-m) = 1 j t-^-<|.;(| + zr) rfr, (44b) 



and 



00 
{7tm) = 1 j t-'-^-'^^til + ^r) dr, (45a) 
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oo 

(T:0)(t) = 1 I t-^-^-$;(i + zr) dr. (45b) 

— oo 

The Parseval equalities, as applied to the inverse Melline transform of the 
functions $~, $+ and $~, yield the equalities (HTj) for the transforms Tj, 
Tj" and Tj, respectively. D 

9. According to Lemma O the operators T^, Tj, Tj", Tj are linear op- 
erators each of which is defined on the linear manifold L^(M+) fl L^(M+) of 
the Hilbert space L^(M+) and which maps this linear manifold into L^(M+) 
isometrically. Since the set L^(]R+) fl L^(M+) is dense in L^(M+), each of 
these operators can be extended to an operator defined on the whole space 
L^(M+), which maps L^(M_|_) into L^(]R+) isometrically. We will continue to 
write T^, 7~ , 7^ and 7^ for the extended operators. 

We now consider the operators T^, 7~ , 7~^, 7~ as operators defined on 
all of L^(M+), mapping L^(M_|_) into L^(]R+) isometrically and acting on the 
functions 0(t) G Li(M+) n L'^iR+) according to (l3T]) . 

Theorem 3. 

1. The range of values of the operator 7^1^ is the eigensuhspace C^i of the 
operator 6; 

2. The range of values of the operator 7^^ is the eigensubspace C_i of the 
operator C; 

3. The range of values of the operator 7^ is the eigensubspace S^i of the 
operator §; 

4. The range of values of the operator 7^ is the eigensubspace S-i of the 
operator S. 

Remark 7. Since the operators T^, CT^, 7^ , 7~ act isometrically from L^(M_|_) 
into L^(R4_), the equalities 

{7tr7t = D, 7t{7tr=9t, e7t= T+; (46a) 

{7-r7- = D, 7^{7^r=T;, 60-; = -0-;. (46b) 



and 



{7tr7t = 0, 7t{7tr=9t, S7t= 7t; (47a) 
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i'j;r7; = o, 7;i7;r = T;, ST; = -T;. (47b) 

hold, where T'^, J*^ , ^^ andT~ are orthogonal projectors from L'^iM.)^ onto 
the eigensuh spaces C+i, C_i,5+i and S^i, respectively and {7~^)* , {7~)* , 
{7^)* , (CT;)* are the operators Hermitian-conjugated to the operators (T^), (7'), 
CT^), (7^) with respect to the standard scalar product in the Hilbert space 

In particular, the operators (CT^)*, (T^ )*, (7^)* and (T^ )* are generalized 
inversesu of the operators T^, T^, 7^ and 7^ , respectively. 

It with mentioning that 



((T+)*x)(r)= / e+(t,r)x(t)rft, ((Cr;)*x)(r) = / e;(t, r)x(t) rft, (48a) 

R+ K+ 

{{7trx){r)= [ etit,r)x{t)dt, ((T;)*x)(r)= I e:{t,T)x{t)dt. (48b) 



Theorem [3] is a consequence of the following 

Lemma 6. Let a function x{t) belong to L'^{W^) and Xc(t) and Xs{t) be the 
cosine and sine Fourier transform of the function x: 

oo 

Xc{t) = \ — ^i-^) cos{ts)ds, (49a) 



oo 

Xs{t) = \ — x{s) sm{ts) ds (49b) 



Let^rc{Q, $xc(C) and ^xsiC) be the Melline transforms of the functions x , Xc 
andxs, respectively. {All three functions x , Xc, Xg belong to L'^{0,oo), so their 
Melline transforms exist and are L^ functions on the vertical line Re^ = |.) 
Then for ( : Ke( = ^, the equalities 

$..(C) = $.(l-C)-2«-^-^^, (50a) 



^ In the sense of Moore-Penrose, for example. 
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$..(C) = $.(l-C)-2^-^^|i^. (50b) 



hold. 



Proof. It is enough to prove the equahties fISU]) assuming that the functions 
x{t),Xc{t),Xs{t) are continuous and belong to L^(M+) fl L^(M+): the set of 
such functions x is dense in L^(]R) and all three transforms, cosine, sine 
and Melline transforms, act continuously from L^ to L^. Under these ex- 
tra assumptions on the functions x(t),Xc{t),Xs{t), the Melline transforms 
$a;(C), $£^((^), $xc(C) ^-re defined everywhere on the vertical line Re^ = ^ 
and are continuous functions there. For such x, the equalities (l50l) will be 
established for every (: Ke( = ^. 

We fix (: Re^ = |. The Melline transform ^xdO is: 

R 



$£,(0= lim x,{t)t^-^dt. 

R-^oo J 







Substituting the expression (149 al) for Xc{t) into the last formula, we obtain: 

-R CXD 

$£,(0= lim I (J- I x{s) cos{ts)dsjt'^-Ut. (51) 



For fixed finite R, we change the order of integration: 

R oo oo R 



The change of order of integration is justified by Fubini's theorem. Changing 
the variable ts = r, we get 

R Rs 



Thus 
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R oo 



oo Rs 



According to Lemma [H for every s > 0, 



Rs 



lim / cos(r) r^ ^ dr = i cos — C ) T{() 
ij-s>oo y V 2 / 





a continuous function of p, and has a finite limit as p — t- oo. Therefore there 

p 
exist a finite M((^) < oo such that the estimate holds: J {cos t)t'^^^ dr 



M{(), where the value M{() does not depend on p. In other words, 



< 



Rs 

I 



COS r r 



<-^ dr 



< M(C) < oo Vs,i?:0<s<oo, 0<i?<oo. 



By the Lebesgue theorem on dominating convergence, 

oo Rs 

lim / x(s)s^^| \ — cos{t) t''^^ dr J ds = 



CX) , oo 



X[S)S 



< 



(J- f cos(r) r^-^ drj ds . (53) 



Taking into account the equalities f lST]) . ( !53|) and using ( I16al) and (l2Qap . we 
reduce the last equality to the form 






OO 



X s s 



-^rfs • 2^-5 



r(« 



1_ CI ■ 



r«-i) 
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To obtain fISOap from the previous equality, we need only consider that 

a;(s)s-^cis = $,(l-C). 



I 





The equality (150bp can be proved analogously. D 

Remark 8. The equalities (150|) can be presented in the form 

<l>,,(i+*r)=$4i-zr)-c2(r), (54a) 

<l>,.{l+tr)=<t>,{l-tr)-s\r), (54b) 

where c(t) and s(t) were introduced in fl30l). 



Proof of Theorem [3l Let Xc{t) be defined by (149 ap . The equality Gx = x, 
i.e. the equality Xc{t) = x(t) for functions Xc{t), x{t), is equivalent to the 
equality 

for their Melline transforms. According to Lemma [6l (154ap . the last equality 
can be reducedn to the form 



^x{l - ir) ■ c{t) = $a,.(| + ir) • c(-r), -cx) < r < oo. (55a) 

Analogously, the equalities Gx = —x, §x = x and §x = —x for the functions 
x{t) are equivalent to the equalities 

$3;(i -zr) ■ c(r) = -$j:(| + ir) ■ c(-r), -cx) < r < oo, (55b) 

and 

^x{\-ir) ■ s{t) = ^^{l + ir) ■ s{-t), -oo < t < oo. (56a) 

$x (I - ir) ■ s{t) = -$x (I + ir) ■ s{-t), -oo < t < oo, (56b) 

Thus each of the equalities Gx = x, Gx = —x, Sx = x, Sx = —x for the 
function x{t), < t < oo, is equivalent to the symmetry condition for its 



^Remember that c ^(t) = c{—t). 
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Melline transform $a;(| + ir), — oo < r < oo. These symmetry conditions, 
which appear as conditions ( l55l) . f l56l) . can be presented in the form 



^x{l+'i'r)= y7rc(r)0(|r|), -oo < r < oo, 

"^xi^ + ir) =isign(r)y7rc(r)0(|r|), -oo < r < oo. 



and 



^x{^+iT)= y7rs(r)0(|r|), -oo < r < oo, 

"^xd +ir) =isign(r) v/vrs(r)0(|r|), -oo < r < oo, 

where 0(r) is function defined for < r < oo. Comparing these expressions 
for the function $x(| + ^t) with the expressions fl28l) . (129|) for the eigenfunc- 
tions e^ {t, r) , e~ (t, r) , e^ (t, r) , e^ (t, r) , we see that in each of the four cases, 
the inversion formula 

oo 
Xit) = ^ J t-'2+'^^,{^+tT)dT 

— oo 

for the Melhne transform can be presented in terms of the function 0(r) as 

oo oo 

x{t) = / e'^{t,T) (f){T) dr, x{t) = I e~{t,T) (f){T) dr, (57a) 



oo oo 

x{t) = Jet{t,T)(P{r)dT, x{t) = Jej{t,T)(P{r)dT, (57b) 



respectively. Now the symmetries (155|) . (156!) of the function $x(| + ^t) are 
hidden in the structure of functions e^, e~, ef, el. 

Thus, the equalities Gx = x, Cx = —x and Sx = x, Sx = —x for the 
functions x are equivalent to representability of x in one of the four forms 
( 1571) . i.e. in the form x = Cr^0, x = 7~(f), x = 7~^(p and x = ^'cj), respectively 
(with^G L2(M+)). D 

Acknowledgements I thank Arniin Rahn for his careful reading of the manuscript 
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